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Abstract

In recentyears,theMultilevelFastMultipoleAlgorithm(MLFMA) hasbeendevelopedinto oneof the
mostpowerfultechniquesfor accelerating theiterativesolutionof integral equationsof electromagnet-
ics. It hasbeenshownthat MLFMA reducesthecomputationalcomplexity of a matrix-vectormultiply
of a densematrix from

�������	�
to
�
������
������

or
�
�����

, where
�

is thenumberof unknowns.We have
recentlydevelopedan implementationof MLFMA calledtheFastIllinois SolverCode(FISC)for multi-
processorsharedmemorycomputers,which hasbeendistributedto morethan400copiesto government
andindustrialusers. In anattemptto extendtherangeof problemsthatcanbesolvedusingMLFMA we
havealsodevelopedanapplicationindependent,distributedmemoryMLFMA kernel,calledScaleME
usingMPI.

In this paper, we shall summarizethe characteristicfeatureswhich distinguishesMLFMA from its
staticcounterpart,such aswork required for each level, thesizeof multipoleexpansionsand interpo-
lation/filtering operations,and their influencein the parallel algorithm design. We shall next discuss
major issuesin theparallelizationwhich areuniqueto thedynamicMLFMA,such asreducingthemem-
ory requirementsfor translationoperatorsandthereductionof replicatedgeometricdatastructures.We
shall also briefly discussthe load balancingstrategies. Finally, we shall presentsomerepresentative
numericalresultsfroma ScaleMEacceleratedelectromagneticscatteringcode, includinga simulation
involving4 million unknownsand that of the radar cross-sectioncomputationof a full scaleair-craft
on a Beowulfclasscluster. We alsogivea brief overview of thesequentialimplementationof dynamic
MLFMA anddiscussits major achievements,includingthescatteringfroma sphere of 120wavelength
diameter, modeledwith 9,633,792unknownsand a VFY218at 8 GHz with 9,990,918unknowns.The
equivalentdensematrixsystemwouldhavebeenimpossibleto solveusingclassicalmethodsonexisting
computers.
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1. Introduction

Integral equationmethodsarewidely usedfor the solutionof electromagneticscatteringproblems.
In this approach,the problemis first formulatedin termsof an appropriateintegral equationandthen
reducedto asystemof linearequationsusingtheMethodof Moments(MoM). Thematrix for thelinear
systemis denseandrequires��������� memorystorage,where� is thenumberof unknowns.Theresult-
ing linearsystemis thensolvedby eithera directmethodsuchasLU-decompositionor by aniterative
methodsuchastheConjugateGradientMethod(CGM). It is well known thatthenumberof operations
necessaryfor the direct methodis ��������� andhence,the maximumsizethat canbe solved is limited
to a few hundredthousandunknownsevenwith modernsupercomputers.On theotherhand,iterative
methodsrequirethe applicationof the coefficient matrix to a sequenceof vectorsin the solutionpro-
cess.Eachof theseevaluationsrequires�
�����	� operations,makingit prohibitively expensive for large
problems.

In recentyears,anumberof techniqueshavebeenproposedfor therapidapplicationof thecoefficient
matrix to a givenvector. Among these,the FastMultipole Method[1] andits multilevel or recursive
varianttheMultilevel FastMultipole Algorithm (MLFMA) [2] have establishedthemselvesasthemost
powerfulones.It hasbeenshown thatMLFMA reducesthecomputationalcomplexity of amatrix-vector
multiply to ������������� � . UsingMLFMA acceleratedMoM codes,researchershave solvedvery large
scaleproblems[2, 3, 4].

We have developedtwo versionsof dynamicMLFMA: FISC for multiprocessorsharedmemory
computersandScaleME for distributedmemoryMLFMA kernel using the MessagePassingInter-
face(MPI) [5]. FISC(FastIllinois Solver Code)[6, 7], co-developedby theCenterfor Computational
Electromagnetics,Universityof Illinois andSAIC-DEMACO, is designedto computeRCSof a target
describedby atriangularfacetfile. Theproblemis formulatedby themethodof moments(MoM),where
the RWG (Rao, Wilton, and Glisson)[8] basisfunctionsareused. The resultantmatrix equationis
solvediteratively by theconjugategradient(CG)method.TheMLFMA is usedto speedup thematrix-
vectormultiply in CG.Both complexities for theCPUtime per iterationandmemoryrequirementsare
of ����� log� � . SinceMarchof 1997,morethan400copiesof FISChavebeendistributedto government
andindustrialusers.

FISC was parallelizedfor multiprocessorsharedmemorycomputers. Recently, in an attemptto
extend applications,the authorshave developeda new parallel versionof dynamicMLFMA. This
new portableimplementationof thedynamicMLFMA is calledtheScaleME for ScaleableMultipole
Engine. ScaleME is implementedasa library of user-callablefunctionsandis targetedat distributed
memorymachinesandnetworkedclusterof workstations.In orderto achieve portability over various
multicomputers,MPI wasusedfor communication.We have reportedsomepreliminaryresultsin [9]
anda moreextensive setof results,specificallyfor electromagneticscatteringproblems,hasbeenre-
portedin [3, 10]. Furtherdetailson this library havebeenreportedin [11].

Theobjective of thepresentpaperis briefly to discusssomeof theuniquecharacteristicsof thedy-
namicMLFMA, comparedto its staticcounterpart,andtheir influenceon theparallelalgorithmdesign.
Theseissuesinclude,but not limited to, thework requiredfor eachlevel, thesizeof multipoleexpan-
sionsandinterpolation/filteringoperations,scalingof translationmatrices,anddomaindecomposition.
We shalldiscusssomeof the techniqueswe have developedto handletheseissues.Furtherdetailson
thesetopicshavebeenreportedin [12].

Thepaperis organizedasfollows: in thenext sectionwe shallbriefly discussthedynamicMLFMA



andits uniquecharacteristics.Then,we shall discussthe constructionof the tree,the domaindecom-
positionalgorithms,thescalingof translationmatricesassociatedwith theMLFMA andtechniquesfor
solving this issue,anda techniquefor load balancing.Finally, in Section4 we shall reportsomenu-
mericalresultsdemonstratingtheperformancefor somestandardelectromagneticproblemsusingboth
ScaleME andFISC.

2. A Brief Review of Electrodynamic MLFMA

MLFMA for electromagneticscatteringproblemsisessentiallyanextensionof thatfor scalarHelmholtz
equationto vectorproblems.Althoughit hasbeendevelopedfor bothtwo andthreedimensionalelec-
tromagneticproblems,in thispaper, we shallrestrictourdiscussionto thethreedimensionalalgorithm.
Furthermore,sinceour objective is to solve integral equationsdescribingvariousscatteringproblems,
ourdiscussionwill implicitly assumethatweareusingMoM basedtechniquefor theirdiscretization.

We begin by notingthat in MLFMA, we aredealingwith the interactionbetweena setof “sources”
anda setof “receivers”. Thesetwo conceptscanbebestexplainedwith respectto theMoM solutionof
anoperatorequation.Considertheintegralequation!#"%$'&�(*)+",$'&.-0/21435",$768$+9:&8!;",$<9=&2>?$+9

(1)

to besolvedusingtheMoM. In theaboveequation,@BADCFE , 35",$768$ 9 & is thekernelof theequation,
)<"%$'&

is a known functionand
!#",$'&

is theunknown to bedetermined.In orderto do this,we approximatethe
unknown function !#"%$'&7( GH I:JLK ! I,MNI ",$'&
where

MNI ",$'&�6POQ(SR�6UTV6XWYWYW<6UZ
areknown, linearly independentfunctionscalledthebasisfunctionsand! I

areunknown coefficientsto bedetermined.By defininga suitableinnerproduct,[ 6�\ andby choosing
asetof testingfunctions ]Y^ I`_ 6PO'(aR�6�TV6XWYWYWL6UZ , we reducetheintegralequationto theformbdc (feY6 bhgji Glk�G 6 c 6Ue gji G
where

c (m"�! K 6U!onX6XWYWYW+6�! G & , e I ( [�^ I 68)p\ , andq Isr (ut [�^ I 6U!<\;v [�^ I 68w r \ if
Ox(0yv [,^ I 6Pw r \ if
O{z(0y (2)

where w r ",$'&�( / 1|35"%$768$<9:& MVr "%$<9:&2>�$<9�}
Westipulatethatthekernel

35"%$768$ 9 &
is suchthatthefunction

w I "%$'&
satisfiestheHelmholtzequation~ n w I -�� n w I (��

(3)



outsideaspherecontainingthesupportof ��� .
For our purposes,we shall regard ������� asthe sourcesandthe functions �Y����� asthe receivers. The

motivationbehindthiscanbeillustratedby consideringaspecificexample.

Let �5�,�7���<�:��� ������� �	�X����� X¡ ¢�£¥¤ � ¡ and let ¦ §©¨Fª . Then �#�%�'�	�8�u«¬¦ canbe interpretedasa continuous
distribution of “charge” radiatinga field ­x� . Similarly, thefunctions �Y����� canbeinterpretedastakinga
“weighted”measurementof thefieldsradiatedby thesources– resemblinga receiver.

The MLFMA is basedon the following key representation:Whenthe geometricalsupportsof the
source�V® andthe receiver ��� are“well separated”,their interaction ¯?�s®°�²±����`�U�³�V®µ´ canbe expressed
as[11] ¯��¶®¸·º¹

supp» �7¼?½ ����� ½ �
¾¿�À ¹2ÁµÂLÃYÄ��ÆÅÇ �ÉÈ'���XÅÇ �;Ê�Ë �  µÌ�Í�£¥ÎÐÏ�ÑÓÒ=ÔÕ ¼�Ö Õ
with È×�Ð�ÆÅÇ �Ø� Ù�Ú�ÛÜÐÝ¸Þ ��ßVà��Yá ��âã ­ä��åVæ<çèà<ÅÇ ��Ë £ �   Ü

and Ã�Ä2�ÆÅÇ �Ø� Äéê;ë2ì ¾ ê ��í�îïçñð��Éò ê �XÅÇ�ó ÅÇ æ ª ��ô ê ��ß'õså�ö�÷5åVæYõs�
whereåVæ{«ø¨ ª is a point “close” to theexpansionfunction �V® , calledthecenterof multipoleexpansion
, å�ö is a point closeto ��� calledthecenterof the local expansion,and ù ì is theunit spherein ¨ ª . It is
obviousthatin any numericalimplementation,theintegrationover theunit spherewill bedoneusingan
appropriatequadraturerule.

Theimportantthing to benotedis that thesourceandreceiver pointsarenow separated,sothatone
cancombinethe “f ar fields” È'�Ð�XÅÇ � of several basisfunctionsto form a singlerepresentationandthen
evaluatedonce.Thus,thegeneralstrategy of a MLFMA is thatof clusteringbasisfunctionsat various
spatiallengthsandcomputingtheinteractionswith thetestingfunctionsfrom sufficientlydistantclusters
usingfarfield representations.For nearbyinteractions,directcomputationis used.Notethatin thestatic
fastmultipolemethod,theinteractionsarecomputedusingmultipoleexpansionswhereasin thedynamic
case,farfield representationsareused,which leadto thediagonalizationof thetranslationoperators.

In orderto dothis,thebasisfunctionsarefirst enclosedin acube.Thenusingarecursivesubdivision,
a hierarchyof meshes,dividing thecubeinto smallerones,is created.A treestructureis thenimposed
on thenon-emptycubesin thishierarchy.

The basicalgorithm for matrix-vector multiply is broken down into two sweeps:the first sweep
consistsof constructingthe far field patternsof eachnon-emptybox at every level. At thefinestlevel,
this is doneby combiningthe far field patternsof all the basisfunctionsbelongingto the given box.
At every otherlevel (exceptthe two coarsestlevels) the far field patternof a givenbox is obtainedby
combiningthe far field patternsof its children. Thesecondsweepconsistsof constructinglocal fields
of eachbox at every level, representingthe field dueto all the cubesthat areconsideredto be “well
separated”.

A mostimportantpoint to benotedis thatastheboxesgrow in size,asweascendthetree,thenumber
of multipolecoefficientsor thenumberof samplesof thefarfield patternover theunit sphere,increases.
Thus,combiningthe far field patternsof thechild boxesto form thatof theparentrequiressomeform
of interpolation.Similarly, duringthesecondsweep,while inheritingthe local fieldsof theparent,the



numberof samplesneedsto be reducedby filtering out the higherorderfields. We refer the reader
to [13, 14, 15] moredetaileddescriptions.This is themostcrucialdifferenceof thedynamicMLFMA
from its staticcounterpart.For thelatter, thenumberof multipolesusedatevery level is thesame.

3. Parallelization of MLFMA on Distributed Memory Computers

In thissection,weshallsummarizemajorissuesin theparallelizationwhichareuniqueto thedynamic
MLFMA, suchas reducingthe memoryrequirementsfor translationoperatorsand the reductionof
replicatedgeometricdatastructures.We shallalsobriefly discusstheloadbalancingstrategies.Further
detailson thesetopicshavebeenreportedin [12].

3.1. Tree Construction and Domain Decomposition Issues

Several approacheshave beendiscussedin the literaturefor treeconstruction[16, 17] for particle
simulationapplications.However, in the caseof integral equationsolvers,thereexists two important
geometricalpropertieswhich influencethechoiceof thetreeconstructionalgorithm.

The first propertyof the geometricdataarisingfrom the discretisationof integral equationsis that
they arestationaryin time. This propertycanbeusedto generatea goodloadbalancingstrategy during
theinitialization time itself.

However, the secondpropertyis not so helpful. It refersto the fact that mostdiscretisationproce-
duresusebasisfunctionswith non-trivial support.That is, thesourcesareno longerlocatedat a single
point,but spreadovera region. An importantexampleof sucha discretisationis theGalerkin’s method
with theRWG functionsfor solvingelectromagneticscatteringproblems[8]. TheRWG functionshave
supportover two triangularfacets.Althoughthis problemis not uniqueto theelectromagneticscatter-
ing problems,it is particularlyimportantin this caseowing to therecentdevelopmentsin higherorder
approximationtechniques[18].

Suchdiscretisationsmake the so called“connectionmatrix” non-diagonal.The connectionmatrix
relatesthebasisfunctionsto geometricdescriptionof theobject.For instance,in thecaseof RWG basis
functions,theconnectionmatrix relateseachbasisfunctionwith the indicesof the triangularfacetson
whichit is defined.Therefore,any decompositionof basisfunctionsacrossmultipleprocessorswill have
to ensurecompletenessof local data.That is, oneneedsto make surethat if a particularbasisfunction
is assignedto a processor, all the geometricdataassociatedwith that basisfunction is alsoavailable
at thesameprocessor. To give anexample,with RWG basisfunctions,if a particularbasisfunction is
assignedto a processor, we alsohave to keepthe two facetsassociatedwith thatbasisfunction in the
sameprocessor. But this in turn impliesthatwealsoneedto keeptheverticesandtheedgesof thefacets
in thesameprocessor. Suchaschemewouldensurethattheprocessorsneednotcommunicatewith each
otherto get relevantgeometricdata.We call suchanassignmentasa locally completedecomposition.
Notethata locally completedecompositionmaystill have replicationto someextent.

Onewayto handlethisproblemis to simplyreplicatethefull geometricstructuresin everyprocessor.
However, memoryfor geometricdatastructuresis ú�û�ü ý , whereü is thenumberof unknownsandafull
replicationhastheundesirablescalingof ú�û�üÿþ ý whereþ is thetotalnumberof processors.Nevertheless,
for small to mediumscaleproblems,rangingfrom a few thousandunknowns to a few hundredsof
thousands,thisapproachis verypractical.



Obviously, for very large scaleproblemssucha simplistic approachis unacceptableandany seri-
ousimplementationof MLFMA on distributedmemorycomputerswill have to supportanappropriate
domaindecomposition.

Fortunately, wecanconstructagooddecompositionof geometricdatawhichrequires
�������

memory
independentof thenumberof processors,providedwe alreadyhavea distributedtree. To seethis, we
notethat in orderto computethe matrix-vectorproducts,we needtwo typesof informationfor every
box. Firstof theserefersto theradiationandreceiving patternsof everybasisfunctionin any givenbox.
This impliesthatweneedto storetheconnectivity informationfor all thelocalbasisfunction.However,
this informationis not sufficient. This is because,to computethe nearinteractions,we needto have
the geometricdataandconnectivity informationfor every basisfunction in the nearinteractionslists
of local boxes.Therefore,oncewe have thetree,all we needto storeis theconnectivity andgeometric
informationof everybasisfunctionin thenearlistsof localboxes.Sincethenumberof directinteractions
is
�������

, it follows thatthetotal storagerequirementstill remains
�������

. However, notethattheactual
storagewill bemorethanthat requiredfor onecopy of thegeometricdatastructuresbecauseof a few
replications.

To exploit this, in ScaleME , we have developeda two stageinitialization procedurein the first
stageof which thedistributedtreeis constructed.Theapplicationprogramcanthenusetheinformation
providedby ScaleME to decomposethegeometricdatastructures.

3.2. Scaling of Translation Matrices

In the dynamicMLFMA, the speedupin computingthe matrix-vectorproductsis achieved through
theuseof diagonalizedtranslationoperators. Usually, in any practicalimplementationof MLFMA, the
diagonalizedtranslationoperatorsarepre-computedat thesetupstageandstored.In thestraightforward
implementationof MLFMA for distributedmemorycomputersusingmessagepassingparadigm,the
translationoperatorsare replicatedin eachprocessorin order to reducecommunicationcostsand to
acceleratethematrix-vectormultiply. However, this requiresan

���	���
storagein eachprocessor. Thus

thememoryrequirementsfor translationoperatorsscaleas
���	��
��

where



is thenumberof processors.
This is unacceptablefor largescaleproblems.

A naive approachto solve this problemis to computethetranslationoperators“on thefly”. In other
words,computethemasthey arerequired.However, it increasestheoverall computationalcomplexity
of MLFMA to at least

���	��
������
from

���	�����������
.

In orderto solvethisproblem,wehavedevelopedanew compressedrepresentationfor thetranslation
matriceswhich canbeevaluatedrapidlyasandwhenthey arerequired[19]. This new representationis
basedontheobservationthatfor agiven ���� , theproduct �� � ����"!$#&%('�)�'+* andthatthefunction ,.- � �� � is thus
a polynomialof degree / %0' in theinterval #1%2'3)�'4* . We usea speciallydesignedonedimensionalfast
multipolealgorithmto constructa fast,polynomialrepresentationwhich requiresonly

���65 �7�
storage

and
�������

evaluationtime, thusbringing down the scalingof storagerequirementsof the translation
operatorto

���&
 5 �7�
(See[19] for moredetailsof thiswork).

However, theintroductionof thecompressedtranslationoperatorsincreasesthetimefor matrix-vector
productssignificantly. To seethis, we notethat the translationphaseis driven by the “receiver” box
andits interactionlist [11]. This would requirethe evaluationof a giventranslationmatrix morethan
oncein a singlematrix-vectorproductcomputation.Therefore,eventhoughthecompressedtranslation
operatorshavea lower timecomplexity, theoverall computationtime increases.



In orderto avoid this, we needto rearrangethe translationphasein sucha way thateachtranslation
matrix is evaluatedonceandonly onceduring eachmatrix-vectorcomputation.For this, we createa
list of orderedpairsof boxesfor eachtranslationoperator. SeeFigure1 for a pictorial illustration of
theinteractionlist of a translationmatrix. Oncethis is done,thetranslationphasecanberearrangedas
follows:

for 8:9<; to maxlev do
for eachtranslationoperator=?>A@CB�D at this level do

for eachorderedpair @�EGFHEJI&DLK InteractionList of =G>M@�B3D do
Translatethefarfield of E I to E I ;

endfor
endfor

endfor

On a singleprocessorimplementation,this schemeensuresthateachtranslationoperatoris accessed
or computedonly once.However, in a distributedmemoryimplementationit mayhappenthatsomeof
theboxesin the interactionlist of a translationoperatormaynot be locally availablefor accessingthe
radiationpatternNPORQ6@4ST D . Hence,adirectimplementationof theaboveschemecannotbeused.

However, this problemcanbe solved by using the conceptof ghostboxes[20]. Ghostboxesare
dummyboxeswhereincomingradiationpatternsarestored. For instance,let a box with Morton keyUWV

exist in processorX V andits radiationpatternis neededin processorXAY . We establisha dummybox
in processorXAY with a key

UWV
andreserve sufficientmemoryfor holdingtheincomingradiationpattern.

Eachprocessorkeepsseveral suchghostboxesfor eachlevel. Now, assoonasthe radiationpatterns
arrive,thetranslationsaredoneusingthetranslatordrivenalgorithmdescribedearlier.

Oneof theissuesthatcomesup is theamountof memoryrequiredfor ghostboxes.It turnsout thatif
welet eachprocessordoapartialsynchronizationateachlevel duringthetranslationphase,thememory
usedby boxesatagivenlevel canbereusedfor theghostboxesat thenext level. Usingthisobservation,
we shalldemonstratein thenumericalresultssectionthatthememoryusedby theghostboxesis much
smallerthanthatwouldhavebeenusedby storingall thetranslationmatrices.

3.3. A Costzone Scheme for Load Balancing

In thissection,wedescribeastaticcostzoneschemefor balancingtheCPUloadacrosstheprocessors.
Theapproachweemploy hereis similarto theonediscussedin [21]. Wenotethat,in thecaseof acoustic
andelectromagneticscatteringproblems,thepositionsof thebasisfunctionsremainthesamethroughout
the simulation. As a consequence,the MLFMA treeusedfor computingmatrix-vectorproductsalso
remainsthesame.Thusit is feasibleto look for a loadbalancingschemewhich canbeincorporatedas
aninexpensivepreprocessingschemefor treeconstruction,sinceit is aone-timeaffair.

For simplicity, we ignorethe communicationoverheadassociatedwith the computations.We shall
alsoassumethatthecostassociatedin transmittingdataacrossany two processorsis thesame.Although
thisassumptionis notalwaystrue,it simplifiesthesituationconsiderably.

We begin by mappingeachparticleto a box at thefinestlevel, therebyassigninga Morton key, not
necessarilyunique,to eachof them.After sortingtheparticlesaccordingto theirkeys,thefinestlevel of



theMLFMA treeis obtained.We shallkeepthis sortedlist of basisfunctionsandtheir respective keys
in eachprocessoranuseit throughoutthecomputations.

Correspondingto eachbox, we shalldefinea datastructure,node work, which canberepresented
asa Z -tuple: [ key, nparticle, first particle, my work \ , wherekey is theMorton key
to thebox,nparticle is thenumberof particlesin the box,first particle is a pointerto the
first particlein thebox in thesortedlist, andmy work is thetotal work requiredfor thebox. Thetotal
work requiredfor a given nodeis estimatedthrougha “simulation” of the MLFMA. That is, the tree
is traversedexactly asin anactualmatrix-vectormultiply, but insteadof computingthe matrix-vector
products,we only estimatethe work requiredfor every operation,suchastranslations,interpolations
andfiltering, requiredfor eachbox in thetree.Thismaybetermedasa“dry run” of thealgorithm.Note
that,in orderto do this,we do not needall thedetailsof thetree,or eventhememory. It turnsout that
this “dry run” is quiteinexpensive.

An importantfact to benotedis thatcomputingthe work requiredfor eachnodeis not thesameas
doing the actualcomputations.Therefore,underthe assumptionthat the total numberof non-empty
boxesis ]�[�^�\ , it canbeshown thatthisprocesshasa complexity of ]�[�^�_a`3bc^d\ , andthattheconstant
associatedis insignificantcomparedto thatfor thematrix-vectormultiply.

Oncethisdummytreeis constructed,wecomputethetotalwork, e , requiredfor eachmatrix-vector
product.Thei-th processoris thenassignedall thenodesin thetreewhichcontributefrom f�gAhi e to fi e
segmentof thetotal work, wherej is thenumberof processors.This canbereadilydoneby traversing
thetreein post-orderandsummingup thecontributionsfrom eachnodeasthetraversalprogresses.

4. Numerical Results

As we mentionedearlier, ScaleME is an applicationindependentkernelwhich canbe retrofitted
into independentlydevelopedintegral equationsolvers. We have interfacedit with severalsuchcodes
developedat theCenterfor ComputationalElectromagneticsof Universityof Illinois. In thissection,we
reportsomeresultsfrom onesuchcodefor demonstrationpurposes.

Theapplicationconsideredis thatof electromagneticscatteringfrom perfectlyconductingobstacles.
This is a classicalandvery importantproblemhaving a wide varietyof applications.The formulation
andimplementationissuesarewell documentedin theliteratureandwe omit thedetailshere[13, 2, 3].
Wepresentsomerepresentativeresultspertainingto theissuesdiscussedin thispaper.

4.1. Single Processor Performance

The first setof resultswe report is that of comparisonof singleprocessorperformanceof the new
codeto the FISC. In order to do this, we choosethe classicalexampleof scatteringfrom perfectly
conductingspheresof varioussizes.ThiscomparisonwascarriedoutonanSGIPowerChallengeseries
multiprocessorwith 2GBRAM, runningat90MHz. Duringthistest,theparametersof ScaleME , such
asnumberof termsin themultipoleexpansionsandtheorderof theinterpolation,arechosento match
exactlywith thatof FISC.Theresultsareplottedin Figure2. It is seenthattheScaleME is about23%
slower thanthatof FISC.This is a very goodperformancesincetheMLFMA asimplementedin FISC
is tightly coupledto theMoM codeandhenceusesseveralspecializedoptimizationsfor efficiency. On
theotherhand,weseethatthememoryrequirementsfor ScaleME is almostthesameasthatfor FISC.
This testdemonstratesthat thesingleprocessorperformanceof ScaleME is comparableto thatof the



bestknown sequentialcode.

4.2. Scaling of Translation Matrices

In thissection,wepresentsomerepresentativeresultsdemonstratingthesavingsin memoryobtained
by usingthecompressedtranslationoperators.Theexamplechosenis a setof spheresof radii varying
from kGl�m to n�opm where m is the wavelength. In Table1, we report the memoryrequiredfor the full
matricesand that requiredfor the compressedtranslators. Given also are the numberof unknowns
usedin eachcase.Thesavingsareclearly impressive. In orderto give a moreconcretepictureof the
performanceof this algorithm,in Table2, we presentthe total savingson 16 processorswhile solving
the n�o�m probleminvolving nearly q million unknowns.

4.3. Load Balancing

As discussedearlier, we usea staticcostzoneschemefor load balancing. In this sectionwe report
two resultson theloadbalanceachievedduringpracticalsimulations.In thefirst case,we considerthe
scatteringfrom ametallicsphereof radiusn�opm . Thisprobleminvolved rWsJt�nuk�sHrukGl unknowns.Wereport
the average time spentin the kernelof ScaleMEfor eachmatrix-vectorproductasa measureof the
balanceachieved. This problemwassolvedon 16 processorsof NCSA’s Orgin 2000.This is shown in
Figure3. In the secondexample,we computedthe bistaticradarcross-sectionof a full scaleaircraft,
namelya VFY218, at 500MHz. Theaircraftwasmodeledusing54,990unknowns. This problemwas
solvedonaBeowulf [22] classcluster, calledOrion, of PCsrunningLinux. Eachnodeof thisclusterhas
an350MHzAMD K6-2 processorand128MB of RAM. Thenodesareconnectedthrougha 100Mbps
ethernetanda 24 port,Xyplex Network’s Megaswitchwhich givesa maximumthroughputof 3.2Gbps.
More detailson theclustercanbefoundin [10]. Theloaddistribution is reportedin Figure4. We note
thattheloaddistributionacrosstheprocessorsis notasgoodasthatobtainedfor thespheres.This is due
thegeometricalasymmetry, with respectto thehierarchicaldecomposition,of theproblem.

4.4. Fast Illinois Solver Code (FISC)

FISC is fine tunedfor sequentialimplementationof dynamicMLFMA andparallelizedfor shared
memorymachinelikeSGIPowerChallengeandOrigin2000.In Figure5,weplot theRMSerrorbetween
Mie seriesand FISC resultsfor a spherefrom 0.75 to 100 m . The numberof unknowns is 588 to
9,633,792andnumberof levels in MLFMA is from 2 to 9. It is observed that the error is almosta
constantexceptfor thefirst two points,wherethegeometryerroris dominant.The9,633,792unknown
modelis alsousedto calculatetheRCSfor a 120 m sphereasshown in Figure6. It uses32 processors
of Origin2000,26.7GB of memory, 1.5 hrs. for filling matrix, 13.0hrs. for 43 iterationsin GMRES
(restartafter 15 iterations)to reach0.001residualerror, and3 minutesfor 1,800pointsof RCS.The
RMSerroris oWvwl3o dB for all k�sxn3ouk pointsfor elevationanglerangingfrom t�o�y to z{t�o�y with theincident
angleat t�o�y , and ouv|k�k dB for elevationanglerangingfrom t�o3y to z{r�o�y . Becauseof thememorylimit,
theaccuracy settingis lower thantherun for 100 m .

In Figure7, we plot bistaticRCSof theVFY218at 8 GHz. Theincidentdirectionis from broadside
with H-polarization(EL= o�y , AZ= t�o�y ). This problemused64 processorsof Origin2000, qp} GB of
memory, and k?t hours.Numericalresultscalculatedby Xpatch,a high frequency approximationcode,
arealsoplottedfor comparison.



5. Conclusions

In this paper, we have discussedsomeof the importantissuesin theparallelizationof theelectrody-
namicMLFMA usingthe messagepassingparadigm.We have discussedthe uniquecharacteriticsof
MLFMA that influencetheparallelalgorithmdesign.Techniquesfor resolvingissuessuchasdomain
decomposition,scalingof translationmatrices,andloadbalancingwerediscussedbriefly. Wehavepre-
sentedsomerepresentative performanceresultsdemonstratingthe successof thesealgorithms. Using
FISC on Origin2000machinesin HPC ASC MSRC andNCSA at the Universityof Illinois, we have
solvedsolvedthescatteringproblemof a ~G���p� spherewith 9,633,792unknownsandVFY218at8 GHz
with 9,990,918unknowns.Our resultsshow thatthereis nosignificantlyerrorpropagationfrom level to
level in MLFMA.
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Table 1. Savings in memor y obtained by the use of compressed translation operator s.

Elect.Size Num. Unknowns Memory(MB)
Full Compressed

12 150,528 10.83 0.8
24 602,112 36.54 2.3
48 2,408,448 132.4 5.3
60 3,145,728 201.1 6.6
80 3,981,312 557.5 12.34

Table 2. Memor y required at each level for the translation operator s for the �3�p� sphere problem and
the savings obtained using compressed translation operator s and ghost boxes. �2� is the number of
samples over the unit sphere corresponding to a given level

Level ��� Memory(MB)
OneMatrix Full

2 170532 1.3 411.13
3 45004 0.343 108.5
4 12172 0.093 29.35
5 3532 27.6(KB) 8.52
Memoryrequiredfor oneprocessor 557.5
TotalMemoryfor 16processors(MB) 8,912
Memoryfor CompressedOperators(MB) 12.34
TotalMemoryfor ghostboxes(MB) 2,048
Savingsin Memory(MB) 6,674.6



Figure 1. Illustration of the list of interactions associated with a given translation operator.



Figure 2. Comparison of speed and the memory requirements for TRIMOM+ScaleME with FISC
on a single processor.



Figure 3. The average time spent in the kernel for each matrix-vector product plotted against the
processor Id. We use this as a measure of the load balance achieved.



Figure 4. The average time spent in the kernel for each matrix-vector product plotted against the
processor Id for the aircraft.



Figure 5. RMS error for a sphere from 0.75 to 100 in diameter. Number of levels in MLFMA is from
2 to 9.



Figure 6. The Mie series and FISC result for a sphere with 120. A total of 9,633,792 unknowns and
9-level MLFMA are used.



Figure 7. The bistatic RCS of the VFY218 at 8 GHz (H-pol.). A total of 9,990,918 unknowns and 10-
level MLFMA are used.


